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The recently published no-hair theorems of Hod, Bhattacharjee, and Sarkar have revealed the
intriguing fact that horizonless compact reflecting stars cannot support spatially regular configu-
rations made of scalar, vector and tensor fields. In the present paper we explicitly prove that the
interesting no-hair behavior observed in these studies is not a generic feature of compact reflecting
stars. In particular, we shall prove that charged reflecting stars can support charged massive scalar
field configurations in their exterior spacetime regions. To this end, we solve analytically the charac-
teristic Klein-Gordon wave equation for a linearized charged scalar field of mass µ, charge coupling
constant q, and spherical harmonic index l in the background of a spherically symmetric compact
reflecting star of mass M , electric charge Q, and radius Rs ≫ M,Q. Interestingly, it is proved
that the discrete set {Rs(M,Q, µ, q, l;n)}
n=∞
n=1 of star radii that can support the charged massive
scalar field configurations is determined by the characteristic zeroes of the confluent hypergeometric
function. Following this simple observation, we derive a remarkably compact analytical formula for
the discrete spectrum of star radii in the intermediate regime M ≪ Rs ≪ 1/µ. The analytically
derived resonance spectrum is confirmed by direct numerical computations.
I. INTRODUCTION
Classical black-hole spacetimes are characterized by one-way membranes (event horizons) that irreversibly absorb
matter and radiation fields. Event horizons are therefore characterized by purely ingoing boundary conditions, a
remarkable physical property which naturally suggests, as nicely summarized by Wheeler’s no-hair conjecture [1–
3], that asymptotically flat black holes cannot support spatially regular static field configurations in their exterior
spacetime regions.
The no-hair conjecture for classical black-hole spacetimes has attracted much attention from physicists and math-
ematicians over the years. In particular, the elegant no-hair theorems presented in [4–7] have explicitly proved that
asymptotically flat black holes cannot support physically acceptable (spatially regular) static configurations made of
scalar, spinor, or vector fields [8–10].
The characteristic absorbing property of the black-hole horizon has played a key role in the classical no-hair theorems
[4–7]. It is therefore quite remarkable that a recently published theorem has extended the no-scalar hair property to the
physically opposite regime of horizonless compact stars with reflecting (rather than absorbing) boundary conditions
[11, 12]. These reflecting stars describe gravitating physical objects whose compact surfaces are characterized by
reflecting Dirichlet (Ψ = 0 at the compact surface) or Newmann (dΨ/dr = 0 at the compact surface) boundary
conditions [see Eq. (8) below]. Moreover, in a very interesting paper, Bhattacharjee and Sarkar [13] have recently
extended the regime of validity of the no-hair theorem for horizonless spacetimes and proved that compact reflecting
stars cannot support spatially regular configurations made of vector (spin-1) and tensor (spin-2) fields.
In the present paper we shall explicitly prove that the intriguing no-hair behavior observed in [11–13] is not a generic
property of horizonless reflecting stars [14]. In particular, we shall use analytical techniques in order to show that
spherically symmetric asymptotically flat charged stars with reflecting surfaces can support spatially regular static
matter configurations made of linearized charged massive scalar fields.
Interestingly, below we shall prove that, for a spherically symmetric compact reflecting star of mass M and electric
charge Q, there exists a discrete set {Rs(M,Q, µ, q, l;n)}
n=∞
n=1 of star radii that can support an external spatially
regular charged massive scalar field of proper mass µ, charge coupling constant q, and spherical harmonic index
l [15, 16]. In particular, we shall explicitly show that the physical properties of the composed charged-reflecting-
star-linearized-charged-massive-scalar-field configurations can be studied analytically in the intermediate radii regime
M ≪ Rs ≪ 1/µ.
II. DESCRIPTION OF THE SYSTEM
We shall analyze the physical and mathematical properties of an asymptotically flat spacetime which is composed of
a central spherically symmetric reflecting star of radius Rs, mass M , and electric charge Q, which is linearly coupled
to a static scalar field Ψ of proper mass µ and charge coupling constant q. The external spacetime of the charged star
2is described by the curved spherically symmetric line element [17]
ds2 = −f(r)dt2 +
1
f(r)
dr2 + r2(dθ2 + sin2 θdφ2) for r ≥ Rs , (1)
where
f(r) = 1−
2M
r
+
Q2
r2
. (2)
Substituting the mathematical decomposition [18]
Ψ(r, θ, φ) =
∑
lm
eimφSlm(θ)Rlm(r) (3)
for the static charged massive scalar field into the characteristic Klein-Gordon wave equation [19–23]
[(∇ν − iqAν)(∇ν − iqAν)− µ
2]Ψ = 0 (4)
(here Aν = −δ
0
νQ/r is the electromagnetic potential of the spherically symmetric charged star), and using the metric
components of the curved line element (1), one finds the ordinary differential equation [19–26]
d
dr
[
r2f(r)
dRlm
dr
]
+
[ (qQ)2
f(r)
− (µr)2 − l(l + 1)
]
Rlm = 0 (5)
for the radial part of the scalar eigenfunction. A simple inspection of the radial equation (5) for the charged massive
scalar field in the curved spacetime of the spherically symmetric charged star reveals the fact that it is invariant under
the symmetry transformation qQ → −qQ. We shall henceforth assume without loss of generality the dimensionless
relation
qQ > 0 . (6)
The spatially regular charged massive scalar field configurations that we shall analyze in the present paper are
characterized by normalizable eigenfunctions that decay exponentially at radial infinity:
Ψ(r →∞) ∼ r−1−αe−µr , (7)
where α ≡Mµ is the dimensionless star-field mass parameter [see Eq. (15) below]. In addition, we shall assume that
the central compact star is characterized by a reflecting surface of radius Rs. In particular, below we shall consider
two types, {
Ψ(r = Rs) = 0 Dirichlet B. C. ;
dΨ(r = Rs)/dr = 0 Neumann B. C. ,
(8)
of inner reflecting boundary conditions for the scalar field in the curved spacetime of the star.
The radial scalar equation (5), supplemented by the boundary conditions (7) and (8), determines two discrete spectra
of radii, {RDirichlets (M,Q, µ, q, l;n)}
n=∞
n=1 and {R
Neumann
s (M,Q, µ, q, l;n)}
n=∞
n=1 , which, for a given set {M,Q, µ, q, l} of
the star-field physical parameters, characterize the charged reflecting stars that can support the spatially regular
static configurations of the charged massive scalar fields. Interestingly, in the next section we shall explicitly prove
that, for charged reflecting stars in the large-radii regime
Rs ≫M,Q , (9)
the ordinary differential equation (5) for the charged massive scalar fields in the background of the spherically sym-
metric charged star is amenable to an analytical treatment.
III. THE RESONANCE CONDITIONS OF THE COMPOSED
CHARGED-REFLECTING-STAR-CHARGED-MASSIVE-SCALAR-FIELD CONFIGURATIONS
In the present section we shall use analytical techniques, which are valid in the large-radius regime (9),
in order to derive the resonance conditions for the discrete sets of radii, {RDirichlets (M,Q, µ, q, l;n)}
n=∞
n=1 and
3{RNeumanns (M,Q, µ, q, l;n)}
n=∞
n=1 , which characterize the composed charged-reflecting-star-linearized-charged-massive-
scalar-field configurations.
It is convenient to define the new radial eigenfunction
ψlm = rf
1/2(r)Rlm . (10)
Substituting (10) into (5) and neglecting terms of order O(M/r3, Q2/r4) [see (9)], one obtains the Schro¨dinger-like
ordinary differential equation [27]
d2ψ
dr2
+
[
− µ2 −
2Mµ2
r
+
(qQ)2 − (4M2 −Q2)µ2 − l(l+ 1)
r2
]
ψ = 0 . (11)
Next, defining the dimensionless radial coordinate
x = 2µr , (12)
one can bring (11) into the familiar form
d2ψ
dx2
+
[
−
1
4
−
Mµ
x
+
(qQ)2 − (4M2 −Q2)µ2 − l(l + 1)
x2
]
ψ = 0 (13)
of the Whittaker radial differential equation (see Eq. 13.1.31 of [25]).
The general mathematical solution of the radial differential equation (13) is given by (see Eqs. 13.1.32 and 13.1.33
of [25]):
ψ(x) = e−
1
2
xx
1
2
+iβ
[
A · U(
1
2
+ iβ + α, 1 + 2iβ, x) +B ·M(
1
2
+ iβ + α, 1 + 2iβ, x)
]
, (14)
where {A,B} are normalization constants. HereM(a, b, z) and U(a, b, z) are respectively the confluent hypergeometric
functions of the first and second kinds [25], and
α ≡Mµ ; β2 ≡ (qQ)2 − (4M2 −Q2)µ2 − (l +
1
2
)2 (15)
are dimensionless physical parameters which characterize the composed charged-star-charged-field system. We shall
henceforth assume that [28]
β ∈ R . (16)
Using Eqs. 13.1.4 and 13.1.8 of [25], one finds that the spatial behavior of the radial scalar eigenfunction (14) at
radial infinity is given by
ψ(x→∞) = A · x−αe−
1
2
x +B ·
Γ(1 + 2iβ)
Γ(1
2
+ iβ + α)
xαe
1
2
x . (17)
Taking cognizance of the asymptotic boundary condition (7), which characterizes the physically acceptable (normal-
izable) eigenfunctions of the bound-state massive scalar fields in the curved spacetime of the central charged star,
one concludes that the normalization constant of the unphysical (exponentially exploding) term in the asymptotic
expression (17) should vanish:
B = 0 . (18)
We therefore find that the spatially regular bound-state configurations of the static charged massive scalar fields in
the curved spacetime of the spherically symmetric charged massive star are characterized by the remarkably compact
radial eigenfunction
ψ(x) = A · e−
1
2
xx
1
2
+iβU(
1
2
+ iβ + α, 1 + 2iβ, x) for Rs ≫M,Q . (19)
Taking cognizance of the inner (Dirichlet/Neumann) boundary conditions (8), which characterize the behavior of the
scalar fields at the reflecting compact surface of the spherically symmetric star, one obtains the two characteristic
resonance equations
U(
1
2
+ iβ + α, 1 + 2iβ, 2µRs) = 0 for Dirichlet B. C. (20)
4and
d
dr
[e−µrr−
1
2
+iβf−1/2(r)U(
1
2
+ iβ + α, 1 + 2iβ, 2µr)]r=Rs = 0 for Neumann B. C. (21)
for the composed charged-reflecting-star-charged-massive-scalar-field configurations [29, 30].
Interestingly, as we shall explicitly show in the next section, the analytically derived resonance condi-
tions (20) and (21) determine the characteristic sets of discrete star radii, {RDirichlets (M,Q, µ, q, l;n)}
n=∞
n=1 and
{RNeumanns (M,Q, µ, q, l;n)}
n=∞
n=1 , which can support the spatially regular bound-state configurations of the linearized
static charged massive scalar fields.
IV. THE CHARACTERISTIC RESONANCE SPECTRA OF THE COMPOSED
CHARGED-REFLECTING-STAR-CHARGED-MASSIVE-SCALAR-FIELD CONFIGURATIONS
The analytically derived resonance conditions (20) and (21), which determine the unique families of charged reflect-
ing stars that can support the spatially regular static configurations of the linearized charged massive scalar fields,
can easily be solved numerically. Interestingly, we find that, for a given set {M,Q, µ, q, l} of the physical parameters
that characterize the composed charged-reflecting-star-charged-massive-scalar-field system and for a given reflecting
inner boundary condition [see Eq. (8)], there exists a discrete set of star radii,
· · ·Rs(n = 3) < Rs(n = 2) < Rs(n = 1) ≡ Rmax(M,Q, µ, q, l) , (22)
which characterize the compact spherically symmetric charged reflecting stars that can support the bound-state
configurations of the spatially regular charged massive scalar fields.
From the resonance equations (20) and (21) one learns that the dimensionless radii {µRs(n)} of the central sup-
porting stars depend on the dimensionless star-field physical parameter α and β [see Eq. (15)]. In Table I we present,
for various values of the dimensionless star-field mass parameter α ≡ Mµ, the largest possible dimensionless radii
{µRmax(α)} of the central charged reflecting stars that can support the spatially regular configurations of the static
charged massive scalar fields. The data presented in Table I reveal the fact that, for a fixed value of the dimensionless
physical parameter β, the dimensionless star radii {µRmax(α)} are a monotonically decreasing function of the dimen-
sionless star-field mass parameter α ≡ Mµ. We find qualitatively similar results for the case of reflecting Neumann
boundary conditions with the characteristic property RNeumannmax (α) > R
Dirichlet
max (α).
α ≡Mµ 0.05 0.1 0.15 0.20 0.25 0.30
µRDirichletmax 2.3952 2.3662 2.3377 2.3096 2.2819 2.2546
TABLE I: Composed charged-reflecting-star-charged-massive-scalar-field configurations. We present, for various values of the
dimensionless physical parameter α ≡ Mµ, the largest possible dimensionless radii µRDirichletmax (α) of the spherically symmetric
charged reflecting stars that can support the static spatially regular configurations of the charged massive scalar fields. One
finds that the maximally allowed radii µRDirichletmax (α) of the central supporting stars are a monotonically decreasing function of
the star-field dimensionless mass parameter α ≡ Mµ. The data presented is for the case β = 5 [see Eq. (15)]. Note that the
assumption Rs ≫M [see (9)] is valid for α . 0.25.
In Table II we present, for various values of the dimensionless physical parameter β [see Eq. (15)], the largest
possible dimensionless radii {µRmax(β)} of the spherically symmetric charged stars with reflecting Dirichlet boundary
conditions that can support the spatially regular charged massive scalar field configurations. From the data presented
in Table II one finds that, for a fixed value of the physical parameter α (which corresponds to a fixed value of the
dimensionless star-field mass parameterMµ), the dimensionless star radii {µRmax(β)} are a monotonically increasing
function of β. Again, one finds qualitatively similar results for the case of reflecting Neumann boundary conditions
with the characteristic property RNeumannmax (β) > R
Dirichlet
max (β).
V. ANALYTICAL TREATMENT OF THE COMPOSED STAR-FIELD SYSTEM IN THE
INTERMEDIATE RADII REGIME M ≪ Rs ≪ 1/µ
Interestingly, as we shall now prove explicitly, the resonance equations (20) and (21), which respectively determine
the discrete sets of radii {RDirichlets (M,Q, µ, q, l;n)}
n=∞
n=1 and {R
Neumann
s (M,Q, µ, q, l;n)}
n=∞
n=1 of the charged reflecting
5β 1 3 5 7 9 11
µRDirichletmax 0.0552 0.9803 2.3662 3.9205 5.5631 7.2611
TABLE II: Composed charged-reflecting-star-charged-massive-scalar-field configurations. We present, for various values of the
dimensionless physical parameter β [see Eq. (15)], the largest possible dimensionless radii µRDirichletmax (β) of the spherically
symmetric charged reflecting stars that can support the spatially regular configurations of the static charged massive scalar
fields. One finds that the maximally allowed radii µRDirichletmax (β) of the central supporting stars are a monotonically increasing
function of the dimensionless star-field physical parameter β. The data presented is for the case α = 0.1 [Mµ = 0.1, see Eq.
(15)], which implies that the assumption Rs ≫M is valid for β & 3.
stars that can support the spatially regular bound-state configurations of the charged massive scalar fields, can be
solved analytically in the intermediate radii regime
M ≪ Rs ≪ 1/µ . (23)
Using Eqs. 13.1.3 and 13.5.5 of [25], one can express the (Dirichlet) resonance condition (20) of the composed
charged-star-charged-field configurations in the form
x2iβ =
Γ(1 + 2iβ)Γ(1
2
− iβ + α)
Γ(1− 2iβ)Γ(1
2
+ iβ + α)
for M ≪ Rs ≪ 1/µ . (24)
Likewise, using Eqs. 13.1.3, 13.4.21, and 13.5.5 of [25], one can express the (Neumann) resonance condition (21) of
the composed charged-star-charged-field configurations in the form
x2iβ =
Γ(2 + 2iβ)Γ(1
2
− iβ + α)
Γ(2− 2iβ)Γ(1
2
+ iβ + α)
for M ≪ Rs ≪ 1/µ . (25)
From the resonance equations (24) and (25), which are valid in the intermediate radii regime (23), one obtains the
remarkably compact dimensionless resonance spectra [31–33]
µRDirichlets (n) =
e−pin/β
2
[Γ(1 + 2iβ)Γ(1
2
− iβ + α)
Γ(1− 2iβ)Γ(1
2
+ iβ + α)
]1/2iβ
; n ∈ Z (26)
and
µRNeumanns (n) =
e−pin/β
2
[Γ(2 + 2iβ)Γ(1
2
− iβ + α)
Γ(2− 2iβ)Γ(1
2
+ iβ + α)
]1/2iβ
; n ∈ Z (27)
for the discrete radii of the spherically symmetric charged reflecting stars that, for a given set of the star-field physical
parameters {M,Q, µ, q, l}, can support the spatially regular bound-state configurations of the static charged massive
scalar fields.
VI. NUMERICAL CONFIRMATION
It is of physical interest to confirm the validity of the analytically derived discrete resonance spectra (26) and (27)
which characterize the spherically symmetric charged reflecting stars that can support the spatially regular external
configurations of the static charged massive scalar fields.
In Table III we present the dimensionless radii {µRanalyticals (n)} of the spherically symmetric charged stars with
reflecting Dirichlet boundary conditions as obtained from the analytically derived resonance spectrum (26) in the
intermediate radii regime M ≪ Rs ≪ 1/µ [see (23)]. We also present the corresponding dimensionless radii
{µRnumericals (n)} of the spherically symmetric supporting stars as obtained numerically from the Dirichlet resonance
condition (20). From the data presented in Table III one finds a remarkably good agreement [34] between the exact
star radii [as computed numerically from the characteristic resonance condition (20)] and the corresponding approxi-
mated radii of the spherically symmetric compact stars [as calculated directly from the analytically derived discrete
resonance spectrum (26)].
6Formula µR(n = −5) µR(n = −4) µR(n = −3) µR(n = −2) µR(n = −1) µR(n = 0) µR(n = 1)
Analytical [Eq. (26)] 2.2597 1.6505 1.2055 0.8805 0.6431 0.4697 0.3431
Numerical [Eq. (20)] 2.2899 1.6621 1.2101 0.8823 0.6438 0.4700 0.3432
TABLE III: Composed charged-reflecting-star-charged-massive-scalar-field configurations with α ≡Mµ = 0.01 [32] and β = 10.
We display the discrete resonance spectrum {µRanalyticals (n)} of the dimensionless radii which characterize the spherically sym-
metric charged stars with reflecting Dirichlet boundary conditions as obtained from the analytically derived resonance formula
(26) in the intermediate radii regime M ≪ Rs ≪ 1/µ. We also display the corresponding dimensionless radii {µR
numerical
s (n)}
of the spherically symmetric supporting stars as obtained numerically from the Dirichlet resonance condition (20). One finds
a remarkably good agreement [34] between the exact star radii [as computed numerically from the characteristic resonance
condition (20)] and the corresponding approximated radii of the spherically symmetric charged reflecting stars [as calculated
directly from the analytically derived compact formula (26) for the discrete resonance spectrum].
VII. SUMMARY AND DISCUSSION
It is well known that asymptotically flat black holes, which are characterized by compact event horizons with purely
ingoing (absorbing) boundary conditions, cannot support spatially regular static configurations made of scalar, spinor,
or vector fields [1–7].
Intriguingly, it has recently been proved that horizonless compact stars with reflecting (that is, repulsive rather than
attractive) boundary conditions cannot support spatially regular configurations made of neutral scalar (spin-0) fields
[11, 12]. Moreover, in a very interesting work, Bhattacharjee and Sarkar [13] have later extended the no-hair theorem
of [11] and proved that horizonless compact stars with reflective boundary conditions cannot support spatially regular
configurations made of vector (spin-1) and tensor (spin-2) fields.
In the present paper we have proved that the interesting no-hair behavior revealed in [11–13] for compact reflecting
stars is not a generic feature of these horizonless objects. In particular, we have explicitly shown that spherically
symmetric asymptotically flat charged stars with compact reflecting surfaces (that is, with Dirichlet/Neumann reflect-
ing boundary conditions) can support spatially regular bound-state configurations made of linearized charged massive
scalar fields.
Interestingly, we have proved that, for a given set {M,Q, µ, q, l} of the star-field physical parameters, there exist
two discrete spectra of radii, {RDirichlets (M,Q, µ, q, l;n)}
n=∞
n=1 and {R
Neumann
s (M,Q, µ, q, l;n)}
n=∞
n=1 , which characterize
the charged compact reflecting stars that can support the external bound-state charged massive scalar field configu-
rations. In particular, it has been explicitly shown that the physical properties of the composed charged-reflecting-
star-linearized-charged-massive-scalar-field configurations can be studied analytically in the regime M ≪ Rs ≪ 1/µ
[see Eq. (23)]. In this intermediate radii regime we have used analytical techniques in order to derive the remarkably
compact formula [see Eqs. (26) and (27)]
µRs = R× e
−pin/β ; n ∈ Z (28)
with
R(M,Q, µ, q, l) =
1
2
[
∇
Γ(1 + 2iβ)Γ(1
2
− iβ + α)
Γ(1 − 2iβ)Γ(1
2
+ iβ + α)
]1/2iβ
; ∇ =
{
1 Dirichlet B. C.
1+2iβ
1−2iβ Neumann B. C.
(29)
for the discrete spectra of radii which characterize the spherically symmetric charged reflecting stars that can support
the spatially regular charged massive scalar field configurations.
We have further shown that the analytically derived resonance formula (28) for the characteristic discrete spectra of
compact star radii that can support the spatially regular charged massive scalar field configurations agrees remarkably
well [34] with direct numerical computations of the corresponding discrete star radii (see Table III).
Finally, it is important to emphasize again that in the present study we have treated the spatially regular bound-
state scalar configurations at the linear (perturbative) level. As we explicitly demonstrated in this paper, the main
advantage of this small amplitude (linearized) treatment stems from the fact that the physical properties of the
composed charged-reflecting-star-charged-massive-scalar-field system can be studied analytically in the linear regime.
We believe, however, that it would be physically interesting to use more sophisticated numerical techniques in order
to explore the physical properties of these composed star-field configurations in the fully non-linear regime.
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